Invertibility of Toeplitz + Hankel Operators and 
Singular Integral Operators with Flip. - The case of 
smooth generating functions 



It is well known that a Toeplitz operator is invertible if and only if its symbols 
admits a canonical Wiener-Hopf factorization, where the factors satisfy certain con- 
ditions. A similar result holds also for singular integral operators. More general, the 
dimension of the kernel and cokernel of Toeplitz or singular integral operators which 
are Fredholm operators can be expressed in terms of the partial indices xi, . . . , x^r E Z 
of an associated Wiener-Hopf factorization problem. 

In this paper we establish corresponding results for Toeplitz + Hankel operators and 
singular integral operators with flip under the assumption that the generating functions 
are sufficiently smooth (e.g., Holder continuous). We are led to a slightly different 
factorization problem, in which pairs {qi, xi), . . . , {qn, x^n) G {— 1} x instead of 
the partial indices appear. These pairs provide the relevant information about the 
dimension of the kernel and cokernel and thus answer the invertibility problem. 

1 Introduction 

Let L°°(T) stand for the C*-algebra of all essentially bounded and Lebesgue measurable 
functions defined on the unit circle T = { z & C : |2;| = 1}, and let stand for the 
Hilbert space of all square integrable functions defined on T. Let {H'^, resp.) stand for 
the Hardy space consisting of all functions f & L"^ for which the Fourier coefficients 
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vanish for all n < (n > 0, resp.). Moreover, let = L°°(T) ni/^ and = L°°(T) ni/^ 
be the usual Hardy spaces of essentially bounded function. Note that and are 
Banach subalgebras of L°°{T). Finally, let C(T) stand for the C*-algebra of all continuous 
functions defined on the unit circle. 

Given a Banach space X, let stand for the Banach space of all x 1 vectors with 
entries in X, and let X^^^ stand for the Banach space of all iV x matrices with entries in 
X. Given a Banach algebra B, we denote by GB the group of all invertible elements in B. A 
Banach subalgebra Bi of a Banach algebra Bq is called inverse closed (in Bq) if 6 e i?i n GBq 
implies b G GBi. 

For an N X N matrix valued function A e L°°{T)^^^ , the multiplication operator gen- 
erated by A is defined by 

M{A) : {LY^{LY, f{e'')^A{e^')f{e^<^). (2) 

The Riesz projection P and the associated projection Q acting on (L^)^ are given by 

oo oo oo — 1 

n=—oo n=0 n=— oo n=— oo 

Note that [H"^)^ is the image of the Riesz projection P. The flip operator J is defined by 

J : {LY^{LY. /(e^')-e-7(e-^')- (4) 
It is well known that for A e ii'xi(^\^NxN ^j^g Toeplitz operator 

T{A) = PM{A)P (5) 

acting on [H"^)^ is a Fredholm operator if and only if A possesses a factorization of the form 

A{t) = A_{t)A{t)A+{t), teT, (6) 

where A(t) = diag (t^^i, . . . , f^^) is a diagonal matrix with xi, . . . , xjv £ and the factors 
and A_ satisfy the following conditions: 

(i) A+ e (hY''^, e (hY''^; 

(ii) A. e (IP)^''^, Az' e (IP)^''^; 

(iii) The operator M(A'^'^)PM{AZ^), which is a well defined mapping from C(T)^ into the 
Lebesgue space L^(T)^, can be extented by continuity to a linear bounded operator 
acting from (L^)^ into (L^)^. 



2 



The integers xi, . . . , xat are called the partial indices of the above factorization and are 
uniquely determined up to change of order. A necessary (but not sufficient) condition for 
the Fredholmness of T{A) is that A G GL°°{T)^^^ . If T{A) is a Fredholm operator, then 
the dimension of the kernel and cokernel are given by 

dimkerT(A) = - ^ xj, dimkerT(A)* = ^ xj. (7) 

Here "*" stands for the adjoint of an operator. The index of T{A), i.e., the number 
indT(y4) := dimkerT(74) — dimker T(yl)*, is equal to — x, where 

N 

is the so-called total index of the factorization. In particular, the Toeplitz operator T{A) 
is invertible if and only if A admits a canonical factorization, i.e., a factorization where all 
partial indices are zero. 

A factorization of a matrix function in the form @ with the properties (i)-(iii) is some- 
times called a generalized factorization or a ^-factorization in the space L^. For further 
information about this type of factorization and generalizations of it, we refer the reader to 
the monographs ^, ^ . 

For some classes of functions (e.g., piecewise continuous matrix functions) there exist 
different Fredholm criteria, which are easier to verify. There also exist explicit formulas for 
total index. However, in the case > 1, the explicit construction of a factorization, or, 
at least the determination of the partial indices is often the only possibility to answer the 
question about the invertibility (and, more general, to calculate the dimension of the kernel 
and cokernel in the case of Fredholm operators) . 

For singular integral operators (with A,B & ^oo^qp^AfxAf^ 

S{A,B) = PM{A) + QM{B), (9) 

which are defined on {L"^)^ , a similar result holds. Namely, S{A, B) is Fredholm if and 
only if A,B G G{L°°(T)^^^) and if T{AB~^) is a Fredholm operator. The latter means 
that the matrix function AB~^ admits a factorization of the above kind. We remark in this 
connection that 

SiA,B) = [i + PM{AB-^)Q^{t{AB'^) + Q^M{B), (10) 

where I -\-PM{AB~^)Q and M{B) are invertible operators. Hence the problem of computing 
the dimension of the kernel and cokernel of a singular integral operator can be reduced to a 
factorization problem with the determination of partial indices. 
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Fredholm criteria related to a factorization problem and formulas for the dimension of 
the kernel and cokernel similar to above have so far not been known for singular integral 
operators with flip, 

PM{A) + PJM{B)+QJM{C)+QM{D), A, B,C, D e L^{Tf^ , (11) 

not even in the case where the generating functions are smooth. Also for Toeplitz + Hankel 
operators, 

T{A) + H{B), A,B E L'^iTf^, (12) 
such results have not yet been obtained. Here 

H{B) = PM{B)JP (13) 

stands for the Hankel operator acting on {H"^)^ with the generating function B G L°°{T)^^^ . 
Only in a recent paper of E. L. Basor and the author it has been observed that the 
invertibility of special class of Toeplitz + Hankel operators might be related to a factorization 
problem. 

The Fredholm theory of Toeplitz + Hankel operators with piecewise continuous functions 
can be found in (see also Sect. 4.95-4.102]). Several aspects of the Fredholm theory 
of singular integral operators with flip (also in a different settings) can be found in the 
monograph ||^. 

We remark that there exists a "classical" trick, which allows to reduce singular integral 
operators with flip to singular integral operators without flip (and thus to a factorization 
problem). This trick will be sketched below. Unfortunately, this trick leads only to sufficient 
conditions and gives in general only estimates on the dimensions of the kernel and cokernel. 

The purpose of this paper is to consider general singular integral operators with flip and 
Toeplitz + Hankel operators with sufficiently smooth (e.g.. Holder continuous) matrix valued 
generating functions. In the case where these operators are Fredholm we will establish formu- 
las for the dimension of the kernel and cokernel. Note that (in the case of continuous generat- 
ing functions) Fredholm criteria are easy to obtain. These formulas will rely on a factorization 
problem, which is slightly different from the classical Wiener-Hopf factorization. Instead of 
the partial indices >fi, Jx^v G Z, a collection of pairs (^i, xi), . . . (^^r, x^r) e {—1,1} x Z ap- 
pears, which contain the relevant information about the dimension of the kernel and cokernel 
and allow us to give an answer to the invertibility problem. 

The general case, i.e., Fredholm criteria in terms of a factorization problem for singular 
integral operators with flip and Toeplitz -|- Hankel operators with generating functions in 
L°°(T)^^^, will be deferred to a future paper. 

Let us state some basic relations between the operators introduced above. Obviously, 

= P, = <5 and P + Q = I hy definition. Moreover, 

J2 = /, JPJ = Q and JM{A)J = M{A), (14) 
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where A stands for the function defined by 

A{t) = A{l/t), t e T. (15) 

For functions A,Be L°°(T)^^^, the following relation for multiplication operators holds: 

M{AB) = M{A)M{B). (16) 

From this and the above relations, one can deduce well known identities for Toeplitz and 
Hankel operators: 

T{AB) = T{A)T{B)+H{A)H{B), (17) 
H{AB) = T{A)H{B) + H{A)T{B). (18) 

Now let us explain how the above mentioned "classical" trick works in regard to singular 
integral operators with flip. It works, of course, also for Toeplitz + Hankel operators. First 
consider the identity 



If I I \ f X + YJ \f I J \ _ f X Y 
2 \ J -J [ X -YJ [ I -J ~ [ JYJ JXJ 



(19) 



where X and Y are arbitrary operators acting on (L^)^. Note that the block operators on 
the left and the right of the left hand side of the equation are the inverses of each other. 
Given a, 6, c, G L°°(T)^^^, write 

A e L-(T)2^><2iv ^20) 



c d 

and introduce two singular integral operators with flip: 

$(A) = PM{a) + PM{b)J + QM{d) + QM{d)J, (21) 
$'(A) = PM{a) ~ PM{h)J + QM{d) -QM{c)J. (22) 

Notice the slight change in notation in comparison with ([Tl|) . With X = PM{a) + QM{d) 
and Y = PM{b) + QM{c) we can employ (p!9D, and it follows that problem of Fredholmness, 
invertibility and dimension of the kernel and cokernel are the same for the operators 



$+(A) \ f PM{a) + QM{d) PM{b) + QM{d)\ 

^-(A) J \QM(b) + PM{c) QM{a) + PM{d)) 



(23) 



However, this last operator can be rewritten as 



with a constant 2N x 2N matrix 

W = (J [). (25) 

The operator (^) is a usual singular integral operator with generating functions of twice the 
original matrix size. By what has been said above about singular integral operators, one is 
led to the factorization of matrix function AW A~^W in the form (^). 

The disadvantage of this trick is that one cannot study ^{A) alone, but one is compelled 
to take also the "conjugate" operator into account. In the worst case it can happen that 

^{A) is a Fredholm operator whereas is not, in which case one obtains no information 

at all about ^{A). 

2 First results about Toeplitz + Hankel operators 

In this section we first establish the basic properties of general Toeplitz + Hankel operators 
T{A) + H{B) with A,B E L°°(T)^^^. Then we introduce two special classes of such 
Toeplitz + Hankel operators and consider their basic properties, too. The further study of 
these particular as well as of the general Toeplitz + Hankel operators will be continued in 
later sections. 

The following necessary condition for the Fredholmness of general Toeplitz + Hankel 
operators is certainly well known. For completeness sake, we present it with a proof. 

Proposition 2.1 Let A, B e L°°(T)^^^, and assume that T{A) + H{B) is Fredholm. Then 
A G G(L°^(T)^^^). 

Proof. If T{A) + H{B) is Fredholm, then there exist 6 > and a finite rank projection K 
on the kernel of T{A) + H{B) such that 

\\TiA)f + HiB)f\\^H'.). + \\Kf\y^^. > (5||/||(H2)iv 

for all / G (H^)^. Replacing / by Pf and applying the estimate ||P/|| > ||/|| - ||g/||, it 
follows that 

\\T{A)f + HiB)f\\^L^). + \\KPf\\^L^).+5\\Qf\\^L^). > 5\\f\\^L^).. 

for all / G (L^)^. Introducing the isometrics U±n ■ {L'^'f ^ {L^)^J{t) ^ t^"/(t) and 
replacing / by Unf, we obtain 

\\U.nT{A)UJ- + U^nH{B)Unf\\iL-)N + \\KPUnf\\L^)N + 5\\U ^nQU n f \\ i^L^)N > 5 1| / || (L2)iV . 

Because f/±„ commute with multiplication operators and UnJ = JU^n-, we can write 
U.nT{A)Un = U^nPUnM{A)U^^PUn, U.nH{B)U^ = U .^PU -nM {B) JU .^PU^. 
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Observe that U-nPUn I and U-nPU-n strongly as n ^ oo. Hence it follows that 
U-nT{A)Un —>■ M{A) and U-nH{B)Un —>■ strongly as n — > oo. Now we take the limit in 
the above norm estimate. Since Un —>■ weakly and K is compact, we have KPUn 
strongly. Moreover, U^nQUn — ^ strongly. We obtain that 

||M(A)/||(^.). > 

for all / G (L^)^. From this it immediately follows that A e G(L°°(T)^^^). □ 

For continuous matrix valued functions A and B, the just stated necessary Fredholm 
condition is also sufficient. Recall in this connection that the winding number of a complex 
valued nonvanishing continuous functions a defined on the unit circle is given by 



wind a 



1 



arga(e ^ 



27r J 0=0 



2lT 



(26) 



where the argument arga(e'^) is chosen continuously on [0,27r]. Again, the following result 
is well known, and we present the proof only for completeness sake. 

Proposition 2.2 Let A,B e C(T)^^^. Then T{A) + H{B) is Fredholm if and only if 
A G ^(^(T)^^^). Moreover, if this is true, then ind {T{A) + H{B)) = -wind det A. 

Proof. It suffices to remark that the Hankel operator with a continuous generating function 
is compact. Hence, by making use of (p^Tf), it is easy to see that a Fredholm regularizer for 
T{A) +H{B) is given by T{A~^). As to the index formula, we remark that for B G C(T)^^^, 
A G G(C(T)^><^), 

ind {T{A) + H{B)) = indT(A) = indT(detA) = -wind det A 

The last equality is the well known formula for the Fredholm index of a scalar Toeplitz 
operator with continuous symbol. For the precise justification of the second last equality 
see, e.g., @, Thm. 2.94] □ 

After these results for general Toeplitz + Hankel operators we are going to consider 
two special classes of Toeplitz + Hankel operators. These operators possess a number of 
unexpected properties. 

In what follows, let G C^^^ be any matrix such that = I. For A G L°°(T)^^^, 
we introduce the operators 

MwiA) = T{A) + H{AW), (27) 
J\fw{A) = T{A) + H{WA). (28) 
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What makes these classes of operators so interesting for us is the fact that an analogue of 
formula (0) holds. Indeed, 

Mw{AB) = Mw{A)Mw{B) + H{AW)Mw{WBW ~ B), (29) 
ATwiAB) = ^w{A)f^w{B)+Arw{WAW -A)H{WB). (30) 



These formulas can be verified straightforwardly by using (|T^, (p^), and the assumption 
that is a constant matrix with = /: 

Mw{AB) = T{AB) + H{ABW) 

= T{A)T{B) + H{A)H{B) + T{A)H{BW) + H{A)T{BW) 

= T{A)Mw{B) + H{A)Mw{BW) 

= T{A)Mw{B) + H{AW)Mw{WBW) 

= Mw{A)Mw{B) + H{AW)Mw{WBW -B). 

Similarly, 

Afw{AB) = T{AB) + H{WAB) 

= T{A)T{B) + H{A)H{B) + T{WA)H{B) + H{WA)T{B) 

= Afw{A)T{B)+Arw{WA)H{B) 

= Afw{A)T{B)+Afw{WAW)H{WB) 

= Afw{A)Xw{B) + AfwiWAW - A)H{WB). 

Next we introduce the set 

(^L^)NxN ^ ^^AeL°°{Tf^ : WAW = Ay (31) 

We remark that (L°°)^^^ is an inverse closed Banach subalgebra of L°°(T)^^^. 

Under additional assumptions on the functions A or S, formulas ( pOj) and ( |30D can be 
simplied. Indeed, 

Mw{AB) = Mw{A)Mw{B) if A G (H^f^^ or B E iL'^)^''^; (32) 

AfwiAB) = Uw{A)Mw{B) if A G (L-)^:^^^ or 5 G (i/°°)^^^. (33) 

Consequently, in some cases the mappings A ^ M.i^[A) and A J\fw{A) are multiplicative. 
This is halfway not surprising. In fact. 



Mw{A) = T{A) if A G (//°°)^^^; (34) 
Mw{A) = T{A) if ylG (if°^)^><^. (35) 
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Hence in these cases we are dealing just with usual Toeplitz operators which have symbols 
in (H^)^xN and (iJ°°)^x^, respectively. 

More interesting is the case where A E (L°°)^^^ . It turns out that then both of the 
above types of operators coincide: 

Mw{A) = Af^iA) if A G (L-)^:^x^. (36) 

Moreover, the following result shows that both the invertibility and the Fredholm problem 
can be solved completely in a very simple way. 



Corollary 2.3 Let A G {L'^)^^^ . Then the following is equivalent: 
(i) A G 

(a) AAw{,A) = Nw{.A) is invertible; 
(Hi) MwiA) = A/W(^) is Fredholm. 

If this is fulfilled, then the inverse of A4w{A) = Afw{A) is given by Aiw{A~^) = Afw{A~^) . 

Proof. Because of the multiplicative relations (|32|) or (|33D , it follows that (i) imphes (ii), 
where the inverse oi AA^{A) = J\f^^{A) is given by Aiw{A~^) = Mw{A~^). The implication 
(ii)=r-(iii) is obvious. The fact that (iii) implies (i) follows from Proposition in connection 
with the inverse closedness of (1°°)^''^ in L°°(T)^x^. □ 

The operators A4w{A) and Afw{A) are not completely unrelated with each other. First 
of all, there is a connection by means of the adjoints, 

{Mw{A)y = J\fw*{A*) or {J\fw{A)y = Mw'{A*), (37) 

where A*{t) := {A{t))*. Here we need only remark that P* = P, J* = J and M{A)* = 
M{A*), from which T(A)* = T{A*) and H{A)* = H{A*) follows. 
Another relation is established by the identity 

Mw{A)Mw{B) = T{AB) + H{AWB) (38) 

Indeed, 

Mw{A)Afw{B) = (T{A) + H{AW)^(T{B) + H{WB)j 

= T{A)T{B) + H{A)H{B) + H{AW)T{B) + T{AW)H{B) 
= T{AB) + H{AWB). 

Here we have only used the assumption that W is a constant matrix with W"^ = I and 
formulas ( PTj ) and (P^). 

Finally, we illustrate some further interesting consequences of the relations (|3^) and (|33|). 
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Corollary 2.4 Let A e L°°(T)^^^. 

(i) If A admits a factorization A(t) = A_{t)Ao{t) with A_ e G(H°^)^''^ and Aq e 
G{L°°)^^^ , then ^Aw{A) is invertible and the inverse equals ^AwiAQ^)T{AZ^) ■ 

(li) If A admits a factorization A{t) = Ao{t)A+{t) with Aq e G{L°°)^''^ and A+ e 
G{H°°)'^^'^ , then J\fw{A) is invertible and the inverse equals T{A'^^)M]v{Aq^) . 

Proof. As to assertion (i), it follows from (0) and that MwiA) = T{A^)Mw{Ao). 
The inverse of T{A_) equals T(Al^) and the inverse of Aiw{Ao) equals AdwiA^^). In regard 
to assertion (ii), we use (|33D and (p5D and obtain Mw{A) = T{A+)J\fw{Ao). The inverse of 
T{A_) equals T{AZ'^) and the inverse of MwiA) equals A/vi/(^o ^ 

We conclude this section by making some more or less heuristic remarks, which should 
serve as a motivation for the kinds of factorizations that we are going to consider in the 
following section. 

The above necessary condition for the invertibility of Aiwi^) (and likewise for 
is certainly for several reason far away from being sufficient. In analogy to the usual theory 
of the Wiener-Hopf factorization one may guess that under certain conditions there exist a 
factorization of the form 

A{t) = A4t)R{t)Ao{t) (39) 

with appropriate conditions on the factors A^, Aq, and where the middle factor R is of 
a particularly simple form. Indeed, if A„ G G(F°°)^^^ and Aq e G{L'^)^''^, then the 
invertibility of Aiw{^) is equivalent to the invertibility of AiwiR)- More general, the 
dimensions of the kernel and cokernel of Aiw{^) coincide with those for Aiw{R)- If R is of 
a particularly simple form, then one can hope that these dimensions can be calculated. 

It turns out that the factorization of the form (^), which may deserve the name "asym- 
metric", can be related to some kind of Wiener-Hopf factorization, which looks kind of 
"antisymmetric". Indeed, if we are given the factorization (|39D , then 

AWA-^ = A_R{t)AoWAo^R-^AZ^ = A_RWR-^Az\ (40) 

where the last equality follows^from the presumed property Aq = WAqW of the factor Aq. 
Replacing the product R{t)WR''^{t) by the notation D{t), we arrive at a factorization 

F{t) = A.{t)D{t)Az\t) (41) 

of the matrix function 

F{t) = A{t)WA-\t). (42) 
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Assuming for a moment that D{t) is of an appropriate form, it follows that (^) is some 
kind of Wiener-Hopf factorization, where the right and the left factors are related with each 
other in an "antisymmetric" way. 

Similarly, the analysis of the operator Afw{A) may lead to a factorization of the form 

A{t) = Ao{t)R{t)A+{t), (43) 

again with suitable conditions on the factors. Elaborating on this "asymmetric" factoriza- 
tion, we arrive at the following "antisymmetric" factorization, 

G{t) = A-\t)D{t)A+{t) (44) 

of the matrix function 

G(t) = A-\t)WA{t). (45) 

Here D{t) stands for R~^{R)WR{t), which slightly differs from the previous situation. 

The reader should observe that whereas the "asymmetric" factorizations (|39D and ( ^31) 
are of different types, the "antisymmetric" factorizations (PT| ) and (^) is essentially of the 
same form only that different notation has been used. 

3 Some results about factorizations 

3.1 The usual factorization within a Banach algebra 

Throughout the rest of this paper let B stand for a Banach algebra of functions defined on 
the unit circle such that the following properties are fulfilled: 

(a) B is an inverse closed Banach subalgebra of C(T); 

(b) B contains all trigonometric polynomials; 

(c) If a G i3, then a & B; 

(d) For each A^, each matrix function A G GB^^^ admits a factorization of the form 

A{t) = A_{t)A{t)A+{t) (46) 
where A{t) = diag (t^^S t'"^ . . . , f^^) with xi, . . . , xat G Z, 

G GB^"""" and A_ G GB^""^ , (47) 

where 

B+ := BnH°° and B. := BnH^. (48) 
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Examples of Banach algebras B having the properties (a)-(d) are the Wiener algebra W 
or the Banach algebras of all Holder continuous functions defined on the unit circle with 
exponents < a < 1. 

From the factorization point of view, only the assumptions (b) and (d) and the condition 
that i3 is a Banach subalgebra of L°°(T) are important. More specifically, one refers to 
the factorization (^61) with the properties (0) as a factorization within the Banach algebra 
B. Related to this concept are such notions as that of decomposing Banach algebras and 
Banach algebras with factorization property. We will go into these details, but simply refer 
the reader to [0, Sect. 10.14-10.23]. We also note that i3+ and B- defined in (^) are Banach 
subalgebras of B containing the unit element. 

It is obvious that a factorization in such a Banach algebra is automatically a generalized 
factorization (or, ^-factorization) in the space L^. In particular, G G{H^)^^^ and 
A_ G G{H^)^^^ , and thus the factors and A^ satisfy the conditions (i)-(iii) stated in 
the introduction. 

Our assumption (a) is motivated by the circumstance that we will confine ourselves to 
continuous matrix valued functions because in this case Fredholm criteria for Toeplitz + 
Hankel operators and singular integral operators with flip are easy to obtain. The inverse 
closedness is needed for the conclusion that each function A G B^^^ which is invertible (in 
Q^'j^NxN'^ admits a factorization of the above kind. 

The assumption (c) will be important for the definition of another type of factorization 
that we will introduced later on. We remark in this connection the obvious fact that A G 
B^""^ if and only if I G S^^^. Consequently, A G GB^""^ if and only if I G GB^""^ . 

As has already been noted in the introduction, the partial indices of such factorizations 
are uniquely determined up to change of order. In fact, the order of the partial indices can 
be changed in any desired way. Namely, one can replace F_{t) with F_(t)n-^ A(t) with 
nA(t)n~^ and -F+(t) with IlF^(t), where 11 is a suitable permutation matrix. 

The following result is well known Q and answers the question about the uniqueness 
of the factors A^ and A- in a factorization. In order to simplify the statement we will 
assumes without loss of generality that the partial indices are ordered increasingly. Then 
the factors corresponding to different factorizations are related with each other by certain 
rational block triangular matrix functions whose structure is determined by the multiple 
occurrence of same values for the partial indices. In this regard, we introduce the notation 
Ii for the identity matrix of size / x /. 

Proposition 3.1 Assume that we are given two factorizations of a function F G GB^^^ , 

F{t) = F':\t)A{t)Fi^\t) = F[^\t)A{t)Fi^\t) (49) 

with F^^ G GS^^^, F^^ G GiS^'^^, and 

Kit) = diag(t^^/,„t-4,...,t^«/,J, (50) 
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where Re {1,2,.. .}, h, ... ,Ir e {1,2, ...}, h + ... + Ir = N, xi, 

TCi < X2 < . . . < XAr_i < JtR. 

Then there exist matrix functions U and V which are of the form 



xr G Z and 



U{t) 



( ^11 f/l2(t) 
^22 

V ••• 



UR-X,R{t) 

Arr 



V{t) 



^22 

V ••• 



Arr 



With Ajj G GC'^ '^'^ and 



m=0 



for 1 < j < k < R such that 



F[^\t) = F^''{t)V{t), Fl'>{t) = U{t)Fl'\t) 



^(1) 



^(2), 



(51) 



(52) 



(53) 



(54) 



Due to the assumption (b) on B, it is not hard too see that U G GB^''^ and V G GB^""^ . 
The previous proposition holds, by the way, not only for factorizations within the Banach 
algebra B, but also for generalized factorizations (see (^) and (i)-(iii)). However, we will not 
make use of this fact. 

Actually, the statement of this proposition can be reversed. If we are given a factorization 
F{t) = F_ {t)A{t)F!^\t), introduce functions U and V with the above properties and define 



F^^ and F^^' by (M), then also F{t) = F^^>{t)A{t)Fl^'{t) is such a factorization 



.(2) 



(2), 



^(2), 



3.2 Antisymmetric factorization within a Banach algebra 

In what follows we are going to introduce and study a slightly different type of factorization. 
It is essentially also a factorization of the form (^6]), but we require in addition that the 
factors F^ and F_ are related with each other by F^{t) = FZ^{t). Moreover, the middle 
factor is allowed to be of a more general form. Namely, 

Dit) = diag(^?l^"^^?2t"^...,^?ivt"^) (55) 

with Xi, . . . , Xtv G Z and Qi, . . . , Qn ^ {—1, !}• 

More specifically, we are going to consider a factorization of a function F G GB^^^ in 
the form 

Fit) = F_{t)D{t)Fz\t) with F_ G (56) 
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where D{t) is given by ([55|). Such a factorization will be called an antisymmetric factorization 
of F within the Banach algebra B. 

It will turn out that the collection of pairs 

{Q2,X2), ••• {qn.xn) e {-l,l}xZ (57) 

plays the same important role as the collection of the partial indices xi,...,X7v G Z in 
the classical situation. Therefore, we will call this collection the characteristic pairs of the 
antisymmetric factorization of F . 

We first study the existence of an antisymmetric factorization. Because D^^{t) = D(t) 
for each middle factors of the above kind, it is easy to see that the condition 

m = F-\t) (58) 

is necessary for the existence of an antisymmetric factorization of a function F. The following 
theorem shows that, essentially, this condition is also sufficient. 

Theorem 3.2 Assume that F G GB^""^ satisfies the condition F{t) = F-\t). Then there 
exists a function F_. G GB^^^ such that F can be factored in the form 

F{t) = F.it)D{t)Fz\t), (59) 

where D{t) is given by with certain characteristic pairs (p^. 

Proof. Because of the assumptions on the Banach algebra B there exists a factorization 

Fit) = F_(t)A(t)F+(t) (60) 

with F± G GB^""^, A(t) = diag (t'^S . . . , t""^), xi, . . . , G Z and xi < . . . < without 
loss of generality. Taking the inverse and replacing t by it follows that 

F~\t) = F;\t)A{t)F:\t). (61) 

Because F~^ = F, the expressions (^) and (0) are equal and represent factorizations of the 
form (^). We can apply Proposition ^?T| and write A{t) in the form ( pDj ) with the conditions 
on parameters R, h, ■ ■ ■ , Ir and xi, . . . , x^r stated there. We conclude that there exists a 
matrix function U{t) of the form ( |52D such that 

F+(t) = U{t)Fl\t), (62) 

Combining (|62D with ([60| ) and introducing X{t) = A{t)U{t), it follows that 

F{t) = F.{t)X{t)F:\t), (63) 
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where X{t) is of the form 



Xit) = 



X22it) ■•• I 

■ ' ■ ' ■ Xji_i^ji(t) 

V ■•• Xnnit) J 



(64) 



with 



XAt) = T.X^T^t-, xjr^GC'^x\ l<j<k<R, 



X, e GC 



l<j<R. 



Introduce 



write 



Xo(t) = dmg{Xn{t),X22{t),...,XRn{t)), 



(65) 



Xit) = (/ + iVi(t))Xo(t) = Xo(t)(/ + iV2(t)), (66) 

and observe that Ni(t) and N2{t) are nilpotent matrix functions. Note also that Ni G B^^^ 
and N2 G From formula (H) we obtain that Ni{t)Xo{t) = Xo{t)N2{t), and moreover 

Xf (t)Xo(t) = Xo(t)X2™(t) for each m by induction. The matrix functions (/ + Xi(t))^/2 g^^^ 
(/ + N2{t)Y^'^ are well defined by a series expansion, which is finite due to the nilpotency. 
Using this series expansion, it follows that 

iI + N,{t)y/'Xo{t) = Xomi + N2{t)f'. 

This in connection with ( p^D implies 

X{t) = iI + m{t)f'Xomi + N2it)y/'. (67) 

From (63) and the assumption F^^(t) = F{t), it follows that X^^(t) = X{t). From the 
representation (|6^) and the definition (|65D , we further obtain XQ^(t) = Xo(t). On account 
of (pBD, it now follows that 



/ = X{t)X{t) = {I + N,{t))Xo{t)Xo{t){I + N2{t)) = {I + iVi(t))(/ + N2{t)). 

Hence / + N2{t) = (/ + Ni{t))-\ and, consequently, (/ + X2(t))^/^ = + iVi(t))^i/2^ This 
in connection with (|67| ) implies that 



X(t) = (/ + iVi(t))V2Xo(t)(/ + iV,(t))-V2. 



(68) 



15 



From Xq ^(t) = Xo(t) it follows (by putting t = 1 and t = — 1) that 

(Xo(l))^ = (Xo(-l))^ = /. 

Hence = I for each 1 < j < R. Thus we can write Xj = Tj diag(Ip., —Ig.) T'-^ with 
certain Tj G GC'^^'^ and Pj,qj G {0, 1, . . .} such that pj + qj = Ij. It follows that 

Xo(t) = rdiag(f?it'^\f?2t"%...,f?jvt"'") (69) 

with certain Qi, . . . , Qn ^ 1} where T = diag (Ti, T2, . . . , Tr) G GC^^^. Denoting by 
D{t) the diagonal matrix in (|69|), it follows in connection with (|6^) and (|68D that 

F(t) = F_(t)(/ + iVi(t))i/2TD(t)T-^(/ + iVi(t))"i/2^r'(t). 

Because (/ + Ni{t)yl'^ G we may replace the expression F_(t)(/ + iVi(t))i/2r by 

the notation F^{t). In this way, we arrive at the desired factorization (|^. □ 

We remark that an antisymmetric factorization (^9]) is obviously an antisymmetric fac- 
torization of the form 

F{t) = F-'D{t)F^{t) (70) 

with G GB^^^ and the same middle factor D(t). The only difference is that of the 
notation of the factors. Indeed, F^{t) = FZ^(t) shows the relation. 

The next theorem concerns the uniqueness of the characteristic pairs of an antisymmetric 
factorization up to change of order. Notice first that it is possible to rearrange the order 
of these pairs in any desired way. Indeed, one can replace F_{t) with F_{t)U-^ and D{t) 
with IlD{t)Il~\ where U is a suitable permutation matrix. The important point is that the 
replacement of F_{t) with F_(t)Il~^ implies the replacement of FZ^it) with IlFZ^{t), which 
fits with the factorization formula (^6|). 

Theorem 3.3 In an antisymmetric factorization of a function F G GB^^^ , the character- 
istic pairs are uniquely determined up to change of order. 

Proof. Because an antisymmetric factorization is automatically also a usual factorization in 
the Banach algebra B (except for the slightly different middle factor, which is irrelevant at 
this place), it follows that the numbers xi, . . . , x^v are uniquely determined up to change of 
order. Because the order of the characteristic pairs in an antisymmetric factorization can be 
rearranged in any desired way, we can assume without loss of generality that xi < . . . < x^r. 
Now suppose that we are given two antisymmetric factorizations of F, 

F{t) = F['\t)D^^\t){F[^^)-\t) = F!:^\t)D^^\t){F^^^)-\t), 
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where D^^\t) and D^'^\t) are both of the form (^) but with the pairs 

(^f\xi),...,(^y,xjv) and (^f \ xi), . . . , xat), 

respectively. Introducing the parameters /i, . . . , G {1, 2, . . .} and the integers xi, . . . ,Jcr 
as in Proposition |3.1| , we can write 

= diag(Sf^rsS^^^r2^...,^5;^t^«), 

q(2) 



D^^\t) = diag (^f . . . , 



where S^}^ and 5*^^'* are diagonal matrices of size Ik x with entries —1 or 1 on the diagonal. 
Moreover, we can write D'^^\t) = A(t)5'(^) and D^^^{t) = A(t)S^^\ where A(t) is of the form 
(0) and = diag {S[^\ Si^\ S'i''). It follows that 

F{t) = F!')(t)A(t)(^5«(F!'y^(t)) = F'L^\t)A{t)(^S^^\F'i^^)-\t) 

are two factorizations of the form (^6|). We apply Proposition |3.1| and see that 

where U and V are of the form (|5^). The last equation can be rewritten as Fl^'(t)(S'^^'')^^ = 
Fi^^(t)(5'(2))-i{7-i(t). Combined with the first equation, it follows that 

Because of the block triangular structure of U and V with invertible constant matrices Ak 
on the block diagonal, we obtain that S'j^'^ = AkS^'^^A'^^ for each k = 1,...,R. Hence 
S^^ ~ Sj^\ and, consequently, the numbers of I's and — I's, respectively, on the diagonal of 
S^^ and S^^ is the same. From this it follows that the collection of the pairs Xk) is the 
same as the collection of the pairs {g\. , Xk) up to change of order. □ 



It is possible (similar as has been done in Proposition |3.1|) to state the relation between 
the factors F_ of two different antisymmetric factorizations of a given function. We will omit 
this result because it is a httle bit difficult to state and will not be needed for our purposes. 

For a given antisymmetric factorization of a function F with characteristic pairs (0), we 
introduce the following nonnegative integers: 

a = number of G {1, . . . , A^} for which = ^ and is even; 

f3 = number of G {1, . . . , A^} for which Qk = ^ and x^ is odd; 

7 = number of /c G {1, . . . , A^} for which Q). = —1 and x^ is odd; 
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S = number of G {1, . . . , A^} for which Qk = —1 and Xk is even. 

Besides the obvious fact that a + P + 'y + 6 = N, the following "a priori" characterization of 
these numbers can be obtained. 

Proposition 3.4 Assume that F G GB^^^ admits an antisymmetric factorization with the 
numbers a, 13,^,6 be defined as above. Then 

F(l) ~ diag{Ia+i3,-I-y+s) and F(-l) ~ diag{Ia+^, -I/s+s)- (71) 

Proof. Putting t = 1 or t = -1 in the factorization F{t) = F_{t)D{t)FZ^{t) it follows 
that F{1) ~ -D(l) and F{—1) ~ D{—1). Now the assertion follows from the facts that 
D{1) ~ diag (/a+/3, —I^-f-s) and D{—1) ~ diag (/q,+^, —Ip+s) as can easily be seen. □ 

In regard to the previous proposition, we remark that the necessary condition F{t) = 
F~^{t) for the existence of an antisymmetric factorization of F G GB^^^ implies F{1)^ = 
F(— 1)^ = / by just putting t = 1 or t = —1. Hence for given F (and thus given F{1) and 
F(— 1)), the values of 

a + p, 7 + 5, a + 7, p + 5. (72) 

can immediately be determined without knowing the antisymmetric factorization of F or 
the corresponding characteristic pairs: 



3.3 Asymmetric factorizations within a Banach algebra 

In regard to the discussion at the end of Section ^ we are going to show that each A G GB^^^ 
can be factored in certain "asymmetric" ways. 

As a first auxiliary step, we are going to specify the middle factors R{t), which appeared 



in (^) and (43). The following proposition shows the existence of such factors, where the 
construction in the proof is completely explicit (although not unique). Moreover, although 
we noted that the factors R(t) ought to be of a "simple" form, it turns out that the actually 
important point is that they are related by means of the equation D{t) = R{t)WR~^{t) (in 
case of a factorization (|39D ) or the equation D(t) = R~^ (t)W R(t) (in case of a factorization 
(H)) to a factor D{t) of the form (§3]). 

Proposition 3.5 Let W G C^^^ with W"^ = I, and assume that D{t) is given by ([5^ 
such that -D(l) ~ D{—1) ~ W . Then there exists a matrix function R G GB^^^ such that 
D{t) = R{t)WR-\t). 

Proof. We can assume that 

W = Tdmg{L^,-I^_)T-\ (73) 



18 



where and cr_ are nonnegative integers with + = N and T G GC^^^. With the 
numbers a,/?, 7,5 defined as above in terms of the characteristic pairs appearing in -D(t), it 
follows from Proposition |3.4| (with F{t) = D{t)) that 



cr+ = a + P = a + 7 and cr_ = + 5 = 7 + 5. (74) 
In particular, f3 = 'j. Hence there exists a permutation matrix Hi such that 

D{t) = Uidia.g{Di{t),D2{t),D,{t))U^\ (75) 

where 

Di{t) = diag (t^^'') with x^^^ G Z even, (76) 

0<fc<a 

D2{t) = diag (-H'') with xf^ G Z even, (77) 

0<k<5 

D^{t) = diag (M"' % I I with xf gZ odd. (78) 

Moreover, there exists another permutation matrix 112 such that 

W = TU2dmg{I^,-Is,Xp)U^'T-\ (79) 

•"^ ^ .tl, (( J -1 )) ■ 

We define 

i?i(t) = diag {H"'/'), R2{t) = diag {t-k '/'), (81) 



0<fc<a 0<fc<<5 

It can be verified straightforwardly that 

Di(t) = Ri{t)R^\t), D^it) = -R2{t)R2\t), D^{t) = Rs{t)XpR^\t). (83) 
Hence, on defining R by 

R{t) = dmg {R,{t),R2{t),R3{t))U2'T~\ (84) 

it follows that D{t) = R{t)WR-\t). □ 

It is obvious that the previous proposition remains true if one replaces the expression 
D{t) = R{t)WR-^{t) with D{t) = R^\t)WR{t). In fact, one just has to replace R{t) with 
R~^{t), which is possible due to the assumption (c) on the Banach algebra B. 
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Besides S^^^ and S^^^, we need another subalgebra of S^^^. Given W G C^^^ with 
W"^ = I, we define 

gTVxTV _ S^x^ n (85) 

It is easy to see that B^""^ is an inverse closed Banach subalgebra of B . 

The following theorem establishes the existence of two kinds of "asymmetric" factoriza- 
tions within the Banach algebra E for a given function A G GB^^^ . 

Theorem 3.6 Let W e C^^^ with = I, and assume that A e GB^""^ . Then 

(a) there exists a factorization of A{t) in the form 

A{t) = A4t)R{t)Ao{t), (86) 

where A_ e GB^""^ , Aq G GB^""^ , and R G GB^""^ such that D{t) = R{t)WR-\t) 
is of the form ([5^. Moreover, 

F{t) = A4t)D{t)Az\t) (87) 

represents an antisymmetric factorization of the function F{t) = A{t)W A^^ (t) . 

(b) there exists a factorization of A{t) in the form 

A{t) = Ao{t)R{t)A+{t), (88) 

where Aq G GB^""^ , A_ G GB^""^ , and R e GB such that D{t) = R-\t)WR{t) is of 
the form (|5^. Moreover, 

G{t) = A-\t)D{t)A4t) (89) 

represents an antisymmetric factorization of the function G{t) = A^^{t)WAit) . 

Proof. From the definition of F it follows that F G GB^""^ and F{t) = F-\t). By 
Theorem |3.2| there exists an antisymmetric factorizations ( ^7\ ) with A_ G GB^^^ and D{t) 
of the form (^). 

From the definition of F it follows furthermore that -F(l) ~ F{—1) ~ W , which in turn 
implies -D(l) ~ D{—1) ~ W . Using Proposition we obtain the existence of a function 
R G GB^""^ for which D{t) = R{t)WR~\t). Now we define 

Aoit) = R-\t)A-_\t)A{t), 
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which imphes immediately the vahdity of equation (0). Moreover, 

WAo{t)W = WR~\t)Az\t)A{t)W. 

From 

A{t)WA'\t) = F{t) = A4t)D{t)Az\t) = A4t)R{t)WR-^Az\t) 

we obtain 

WAoit)W = R-\t)Az\t)A{t) = Ao{t). 

Hence Ao G Because, obviously, Ao G G-B^^^, we even have Aq G GB^""^. This 

settles part (b). 

The proof of part (b) is similar. By Theorem |3.2| (see also the remark made afterwards) 
and the facts that G G GB^^^ and G(t) = G^^{t), there exists an antisymmetric factor- 
ization (H). From G{1) ~ G'(-l) ~ we obtain D{1) ~ -D(-l) ~ W. We apply again 
Proposition Ol, but now with R replaced by R~^, in order to conclude the existence of a 



function R G GB^""^ for which D{t) = R-^{t)WR(t). Finally, we define 

Ao(t) = A{t)A-\t)R~\t), 

apply the equation 

A-\t)WA{t) = G{t) = A-\t)D{t)A+{t) = A-\t)R'\t)WR{t)A+{t) 

and obtain in this way that WAo{t)W = Ao{t). Hence Aq G GB^""^ . □ 



The proof of the previous theorem reveals that the asymmetric factorization ( |5B[ ) of A(t) 
can be constructed in an explicit way from the antisymmetric factorization of F{t). Moreover, 
to each possible middle factor D{t) (hence, to each possible collection of characteristic pairs), 
one can assign a corresponding function R{t) which may appear as the middle factor in the 
asymmetric factorization. The fact that this assignment may be carried out in different ways 
does not affect the following considerations. 

Similar statements hold, of course, also for the asymmetric factorization ( ^Sf ) of A{t), 
which is connected with the antisymmetric factorization of G{t). 



4 Further properties of some classes of Toeplitz + Han- 
kel operators 

In this section we continue and conclude the study of the Toeplitz + Hankel operators 
MwiA) and AfwiA) with A G i3^x^. Notice first that it follows from Proposition U 
and the inverse closedness of B in C(T) that these operators are Fredholm if and only if 
A G GB^""^. 
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In the case A G GB^^^ we will determine the dimension of the kernel and cokernel of 
M.w{A) and Mw{A) in terms of the characteristic pairs of an antisymmetric factorization of 
a certain associated function. Formulas for the inverses (if they exist) will also be presented. 

For the following presentations, it is useful to introduce a function 9:{ — l,l}xZ— 
which is defined by 

, - / x/2 if X is even , , 

e(^, x) = <^ , . . (90) 

y[K—Q)l2 if x IS odd. ^ ' 

For the interpretation of the following results, it is also helpful to recall the notion of a 
pseudoinverse. Let A be a linear bounded operator acting on a Banach space X. A linear 
bounded operator acting also on X is called a pseudoinverse of A if the relations 

AA^A = A and A^AA^ = A^ (91) 

hold. One can show that a pseudoinverse of A exists if and only if the image of A is a 
complemented subspace in X, i.e., there exist a closed subspace Xq of X such that X = 
imA (B Xq. Hence each Fredholm operator possesses a pseudoinverse. Pseudoinverses are 
in general in not unique. However, if A is invertible, then is uniquely determined and 
coincides with A~^. 



Lemma 4.1 Let D{t) he a matrix function of the form ([5^ with the characteristic pairs 



Then H{Dy = H{D) and 

dimkei {I + H{D)) = J2e{gk,Xk). (92) 

^k>0 

Proof. First observe that D*{t) = D{t). Consequently, 

H{Dy = {PM{D)JPy = PJM{D*)P = PM{D*)JP = H{D). 

Moreover, because H{D) = diag (if(^it^^), H{g2t'^^), . . . , H^gj^f^^)) is a diagonal operator it 
suffices to determine dimkeT{I + H {gkt'^'')) and to take the sum. If < 0, then H^gkf^'") = 
0. Hence the corresponding dimension is zero. If x^ > 0, then the matrix representation of 
H{gkt^'') has entries g^ only on the x^-th diagonal, which connects the entries (1, x^) and 
(xfc, 1), and has zero entries elsewhere. From this it is easy to see that the dimension equals 
'd{gk,^k)- n 



Lemma 4.2 Assume that D{t) is of the form (p5|j. Then 

T{b)H{D) = H{D)T{D) = and H{Df = H{D). (93) 
Moreover, if we introduce 

B = I + H{D), = I-H{Df + \{H{Df + H{D)), (94) 

then B^BB^ = B^ and BB^B = B. 
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Proof. By considering the scalar case, D(t) = Qkt'^'' and distinguishing Xjt >< and > 0, 
it can be seen straightforwardly that T{D)H{D) = H{D)T{D) = 0. Moreover, using ([T^ 
and the fact that D{t) = D^^{t) it follows that 

H{Df = H{D)H{D)H{D-^) = H{D){I - T{D)T{D-^)) = H{D). 

In order to prove that B'^BB'^ = B'^ and BB'^B = B, we introduce p = I — H[DY and 
q = {H{D) + H{Df)/2. By just using the identity H{Df = H{D), one can verify that 
= p, q"^ = q, pq = qp = 0. Because B = p + 2q and i?^ = p + q/2, the desired relations 
follow immediately. □ 



Lemma 4.3 Let W G C^^^ with W'^ = I, and assume that R G GB^^^ is given such that 
D{t) = R(t)WR~^(t) is of the form (55). Introduce the operators B and B'^ by /fff^j, and 

A, = Mw{R), A2 = ^w{R-'), (95) 

A\ = A2B\ A\ = B^Ai. (96) 

Then B = A.A^, A\ = J\fw{R'^){I - \H{D)), AI = {I- \H{D))Mw{R), and 

A\AiA\ = 4, AiA\Ai = Ai, A\A2A\ = Al A^AXA^ = A^. (97) 

Proof. Using formula (|38|) , it follows that 

Mw{R)J^w{R~^) = T{RR-^) + H{RWR-^) = I + H{D). 

Hence A1A2 = B. By using this, the relations of A\ = v42-B^ and A^ = B'^Ai, and formula 
B^BB^ = B^ from Lemma [4.2|, we obtain 



A\AiA\ = A2B^AiA2B^ = A2B^BB^ = Aa^t = A^ 
A\A2A\ = B^AiA2B^Ai = B^BB^Ai = B^Ai = aI 

Next, as an auxiliary step, we are going to establish the identities 

H{D)Ai = H{DfAi and A2H{D) = A2H{Df. (98) 

Indeed, using that R = DRW and formulas (|1^) and (|18[), it follows that 

Al = T{DRW) + H{DR) 

= T{D)T{RW) + H{D)H{RW) + T{D)H{R) + H{D)T{R) 
= H{D)Ai + T{D){T{RW)+H{R)). 
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Multiplying from the left with H{D) and observing that H{D)T{D) = by Lemma ^ 
obtain the first identity in (PBf). Similarly, by using = WR~^D, it follows that 



we 



A2 = T{WR^^D) + H{R-^D) 

= T{WR-^)T(Jd) + H{WR-^)H{D) + T{R-^)H{D) + H{R-^)T{D) 
= A2H{D) + {T{WR~^) + H{R-^))T{D). 

Multiplying from the right with H{D) by observing that T{D)H{D) = 0, we arrive at the 
second identity in (pSl) . 

Using this and the definition of i?^, it follows that A\ = ^2(1 — ^H{D)) and = 
(/ — ^H{D))Ai. Hence we obtain the desired expressions for A\ and AI. 

Moreover, using the notation p and q introduced in the proof of Lemma |4.2| , it is easy to 
see that BB^ = B^ B = p + q. Hence 

BB^ = B^B = I + \{H{D)-H{Df). (99) 

Combining this with (^) it follows that 

BB^Ai = Ai and A2B^B = A2. 

Now we are able to derive the remaining identities: 

AiA\Ai = AiA2B^Ai = BB^Ai = A^, 
A2AIA2 = A2B^AiA2 = A2B^B = A2. 

This completes the proof. □ 



Lemma 4.4 Let Ai, A2 and B as before. Then 

dimkerA* = dimkerA2 = dimkerS (100) 



Proof. Since H{D)* = H{D) by Lemma it follows that B* = B. The relation 



B = A1A2 stated in Lemma ^4.3| implies that kery42 C ker i? and ker A* C ker S*. Moreover, 
because A2 = A2A\A2 = A2B^ A1A2 = A[B, we obtain keri? C kerA2. Similarly, since 
Ai = AiA\Ai = AiA2B^Ai = BA\, we arrive at ker5* C kerA*. □ 

Now we are able to establish formulas for the dimension of the kernel and cokernel of the 
operators A^vy(-R) and Afw{R), where R(t) represent appropriate middle factors that are 
expected to appear in the asymmetric factorization. Notice the slightly modified notation 
in the following proposition, i.e., we are considering Afw{R~^) instead of Afw{R)- The 
important point is, however, that R{t) is related to a matrix function D{t) of the form (|55|). 
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Proposition 4.5 Let W E C^^^ with W"^ = I , and assume that R E GB^^^ is given such 
that D{t) = R{t)WR~^{t) is of the form (55_) with characteristic pairs ([5^/ Then 

dimker7Wty(i?) = -^6(^fc,Xfc), dimkei Mw{R)* = ^0(^'fc,><fc), (101) 

^k<0 ^k>0 

dimker7VV(i?"^) = ^Q{Qk,Xk), dimker A/W(^"^)* = - J] ©(^fc, Xfc)- (102) 
Proof. The formulas for dimker Aiw{R)* and dimker AV(-R~^) follow immediately from 



Lemma in connection with Lemma |4.1j . Moreover, by the index formula stated in Propo- 
sition |2.1| it can be seen that 

indMwiR) = indT(i?) = -wind det i?, 
mdAfw{R~^) = indT(i?-i) = -wind det = winddeti?. 

Because D{t) = R{t)WR-\t), we have 

wind det D = wind det R + wind det R~^ = 2 wind det R. 

On the other hand, 

AT 



wind det = ^^x^. 



k=l 

Combining all this, it follows that 

N , N 



indA4i^(i?) = ^Xfc, indMy(i?-^) = ^ ^Xfc. (103) 

fc=l k=l 

Since -D(l) ~ -D(— 1) ~ W, we obtain from Proposition in particular, that /3 = 7. We 
conclude from the definition of the function that 

N 1^1 

^e(^fc,xfe) = 2X1^^" 2 ^ 

A;=l k=l >ck odd 

N ^ , N 



2^ 2 2 

fc=l k=l 



Using the formulas 



mdMw{R) = dimker A^vi/(-R) - dimker A^vy(-R)*, 
mdXw{R~^) = dimkerArvK(i?"^) -dimkerA4^(i?~i)*, 
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it is easy to derive the remaining two formulas. 



□ 



The following result determines the dimensions of the kernel and cokernel of the operators 
A4w{A) and J\fw{A) for A G GB^'^^ in terms of the characteristic pairs of an associated 
antisymmetric factorization problem. Note that the existence of this antisymmetric factor- 
ization is ensured by Theorem p.6| . 

Moreover, we give expressions for the pseudoinverses of the above operator, which are 
the inverses in case of invertibility. It should also be observed that in the formulation of the 
following theorem we need not make reference to the asymmetric factorizations, although 
they are, of course, used in the proof. 

Theorem 4.6 Let W G C^^^ with = I, and let A G 

(a) Assume that an antisymmetric factorization of the function F{t) = A(t)WA^^(t) is 
given by F{t) = A_{t)D{t)Az\t) , where A_ G GB^""^ and D{t) is of the form ^ 
with the characteristic pairs ([5^j. Then 

dimkei Mw{A) = -^e(^fc,Xfc), (105) 
dimkerA^VF(^)* = ^e(^fc,Xfc). (106) 

><fe>0 

Moreover, a pseudoinverse of Aiw{A) is given by 

XwiA-'A_){I - \H{D))T{AZ^). (107) 

(b) Assume that an antisymmetric factorization of the function G{t) = A~^{t)WA{t) is 
given by G{t) = A-\t)D{t)A+{t) , where A+ G GB!^""^ and D{t) is of the form ^ 
with the characteristic pairs ([3^. Then 

dimker7VW(i?) = -^Q{-Qk,^k), (108) 
dimker7VW(^)* = ^Q{-Qk,Xk). (109) 

Moreover, a pseudoinverse of Nw{.A) is given by 

T{A-'){I - \H{D-^))Mw{A+A-^). (110) 

Proof. Let us first consider case (a). By Theorem |3.6| we can assume that we are given an 
asymmetric factorization A{t) = A_(t)R(t)AQ(t) with the conditions on the factors stated 
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there. In addition, we are given an antisymmetric factorization F(t) = A_(t)D{t)A_'^(t) 
with D{t) = R{t)WR-\t) of the function F{t) = A{t)WA-\t). From (0) and (g) it 
follows that 

MwiA) = MwiA_)Mw{R)MwiAo), 

where both A4w{A_) = T{A_) and J^w{Ao) are invertible. There inverses are equal to 
T(AZ^) and AiwiA^^), respectively. Hence the dimension of the kernel and cokernel of 
A4w{A) is equal to that of A4w{R)j which, in turn, has been given in Proposition 

Next we need to take into account the following fact, which can be proved straight- 
forwardly: if an operator Si has a pseudo inverse Sl and 5*2 = US2V where U and V are 
invertible operators, then a pseudoinverse of S2 is given by sl = V-^SlU-\ 

It follows from Lemma ^]3| that a pseudoinverse ofA4w{R) = Ai is given by Mw (-R^ ^ ) (-^ ^ 
\H{D)) = A\. Consequently, a pseudoinverse of A4w{A) is given by 

MwiAo'WwiR-')iI - \H{D))T{A-J). 
Now we use formula (^) and (|33D in order to conclude that 

Mw{A,^)Mw{R-') = Nw{A-^')Mw{R'') = AT^l^o ^i?"^). 

Remark that Aq^R^^ = A^^A^ (because this is just the equation A = A_RAq). Combining 
these last facts, we arrive at the desired expression for the pseudoinverse. 

Case (b) can be treated in the same way, but we give the complete proof because the 
notation differs sometimes here in comparison with previous results. First of all, we may 
assume that we are given an asymmetric factorization A{t) = Ao{t)R{t)A^{t) as has been 
stated in Theorem |3.6| . Moreover, we are given an antisymmetric factorization G{t) = 
A-\t)D{t)A+{t) with D{t) = R-^{t)WR{t) of the function G{t) = A-^{t)WA{t). From 
(^) and (|35|) it follows that 



Afw{A) = ^w{AoWw{RWw{A 



where Mw^Aq) and J\fw{A^) = T{A^) are invertible. The inverses are Mw^Aq^) and 
T(A;^), respectively. The above relation D{t) = R-^{t)WR{t) can be rewritten as D ^{t) = 
R~^ {t)W R{t) . We now have to apply Proposition ^]5] and Lemma with R{t) replaced 



with i? ^(t) and replaced with D ^{t). Correspondingly, the characteristic pairs (^A:, Xfc) 
have to be replaced with {gk, —Xk)- We arrive at the formulas 

dimker A/W(-R) = Q{Qk, —x^k), dimker A/W(-R)* = — ^©(^fc,— Xfc)- 

It remains to note that Q{gk, —Xk) = —Q{—0k, Xk) in order to conclude the desired formulas 
for the dimension of the kernel and cokernel oi J\fw{A). 
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Also in regard to the pseudoinverse we have to apply Lemma ^73| , but with R(t) replaced 
with R~^{t) and D{t) replaced with D~^{t). It follows that the pseudoinverse ofAfw{R) = ^2 
is given by (J — ^H{D~^))J^wiR^^) = ^2- before, we obtain that a pseudoinverse of 
J\fwiA) is given by 

T{A-'){I - \H{D-^))Mw{R-')Uw{A-,^)- 
Using formulas ( |36D and (|3^) we derive 

Mw{R'')Mw{A^') = Mw{R-')Mw{A^') = Mw{R-'A,'). 

The desired pseudoinverse of M.w is now obtained by piecing together these last facts in 
connection with R~^Aq^ = Aj^^A^^, which is just the factorization A = AqRA^ rewritten. □ 

At the end of this section we consider some simple consequences of the previous theorem. 
In particular, we state the necessary and sufficient conditions for the invertibility of the 
operators M.w{A) and Afw{A). 



NxN 



Corollary 4.7 Let W G C^'^^ with = I, and assume A G GB 

(a) The operator A4w[A) is invertible if and only if the function F{t) = A{t)WA^^(t) 
admits an antisymmetric factorization with characteristic pairs {gk, >^k) which are all 
contained in the set 

' (-1,-1), (-1,0), (1,0), (1,1) \. (Ill) 



(h) The operator Mwi^A) is invertible if and only if the function G(t) = A~^{t)WA{t) 
admits an antisymmetric factorization with characteristic pairs {gk, >ik) which are all 
contained in the set 

I (1,-1), (-1,0), (1,0), (-1,1) |. (112) 



Proof. The operators are invertible if and only if the sums in (|105|) and ( p.06| ), or, (|108D 



and ( |109| ), respectively are zero. Notice that the different terms appearing there are all 
nonnegative integers. Hence they must be equal to zero. It remains to remark that Q{q., k) = 
if and only ifx=Oorx=^ = lorx=p = —1. □ 

The previous result takes a much simpler form in the two special cases where W = I 
OT W = —I. In fact, we can apply Proposition O and recall the definition of the numbers 
a,/3,7,5. 

In the case where ly = /, we have F{1) = F{—1) = I and G{1) = G(— 1) = /. Hence 
Proposition ^]4| implies that a = N and (3 = 'j = 6 = 0. Hence among the pairs given in 
( |111|) or (|112|) only the pair (1, 0) can occur. The result is that the operator Aii{A) {J\fj{A), 
resp.) is invertible if and only if the function F{t) = A{t)A-'^{t) {G{t) = A-'^{t)A{t), resp.) 
admits an antisymmetric factorization with all characteristic pairs equal to (1,0). 



28 



In the case where W = —I, we obtain in a similar way the result that the operator 
M-i{A) {Af_j{A), resp.) is invertible if and only if the function F{t) = -A{t)A-^{t) {G{t) = 
—A'^(t)A(t), resp.) admits an antisymmetric factorization with all characteristic pairs equal 
to (-1,0). 



5 Singular integral operators with flip 

In this section, we study the properties of singular integral operators with flip. In particular, 
we obtain results for the dimension of the kernel and cokernel in the case of Fredholmness 
under the assumption that the generating functions belongs to the Banach algebra Q^^^ , 

In what follows, when we are given the matrix functions a,b,c,d G /,°o(f)^x^^ -y^^rg 
associate a matrix function of twice the matrix size. 



c d 

Moreover, we let W stand for the following constant matrix of size 2N x 2N, 

Finally, to a matrix function A G (j^'j^^ ><^^ given as above, we associate a matrix function 

A G L'=^(TyNx2N defined by 

A{t) = WA{t)W. (115) 
Next we introduce, for given A G L°°(jy^x'^^ ^ the following operators 

T{A) = (P, Jp)m{A) i^pj). (116) 
H{A) = [p,Jp)M{A)(^^jy (117) 
Using the basic relations for the operators P, Q, J, and M{A), it is easy to see that then 

r{A) = (Q,JQ)M{A)(^^jy (118) 

n{A) = {Q,JQ)M{A)(^pjy (119) 

Moreover, given A,Be i;,oo(T)2^x2Ar^ following relations hold: 

T{AB) = T{A)T{B)+n{A)n{B), (120) 
n{AB) = T{A)n{B)+n{A)T{B). (121) 
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In fact, they are essentially a consequence of the identity 

The formal resemblance to the formulas ( p^TD and (p^ ) is obvious. 
Finally, we define the operators 

= T{A)+n{A) = (^P, JPy^iA) (^j^ , (122) 
^{A) = r{A)+n{A) = (/, j)m(A)( (123) 

These operators are the singular integral operators with flip which we intend to study in this 
section. Indeed, if A is given by (|113|) , then 

$(A) = PM{a) + PJM{b) + QJM{c) +QM{d), (124) 
^{A) = M{a)P + M{b)JQ + M{5)JP + M{d)Q. (125) 

Using the formulas (|120|) and (|121|) , formulas analogous to (^9]) and (^O]) can be derived: 

^AB) = ^{A)^{B)+n{A)^{B - B), (126) 
^{AB) = ^(A)^(5) + ^(1- A)H(5). (127) 

Indeed, 

^AB) = r{AB)+n{AB) 

= T{A)T{B) + n{A)n{B) + T{A)n{B) + n{A)T{B) 

= T{A)<i>{B)+n{A)<^{B) 

= ^{A)^{B) +n{A)^{B - B). 

Moreover, 

^(Afi) = T{AB)+H{AB) 

= T{A)T{B) + n{A)n{B) + T{A)n{B) + n{A)T{B) 

= ^(A)T(5) + ^(1)7^(5) 

= '^{A)^{B) + '^{A- A)n{B). 

The corresponding "simplifications", where multiplicativity holds, read as follows: 

^{AB) = <^{A)^{B) if A G (H^)^^x^^ or B e (L"^)^^'^; (128) 
^(A5) = ^{A)^{B) if A e (L°°)^^='^ or 5 G (/7-)2A^x2Af. (129) 
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Here W is given by (|114|) . Notice that the Banach algebra {L'^)'^^'^^ is equal to 

A e L°°(T)2A^x2JV . A = Ay (130) 

Also the counterpart to formula ( p8| ) can be established: 

^A)^{B) = T{AB) + n{AB). (131) 
Indeed, using ([T20|) and it follows that 

$(A)^(S) = (T(A)+7^(A))(r(S)+7^(S)) 

= T{A)T{B) + n{A)n{B) + n{A)T{B) + T{A)n{B) 
= T{AB) + n{AB). 

The analogy of these formulas in comparison with previous formulas finds its crystal 
explanation in the following result. 

Proposition 5.1 The mapping S defined by 

E : /:(L2)^x^ ^ /:(ij2)2JVx2iv^ X^(^pj^x(^P, JP) (132) 

represents a C*-algehra isomorphism between C{L'^)^^^ and £(if^)^^^^^. In particular, the 
mapping S acts as follows: 

E : T{A) ^ T(A), S : n{A) ^ //(ATV), (133) 

E:<^{A) ^ Mw{A), E:^{A)^Arw{A), (134) 



/or A G L°°(T)2^^2Af, w/iere given by ( \n^) . 



Proof. The first assertion follows from the fact that the linear operators 

(P, JP) : ^ {LY and pj) ■ i^Y ^ (135) 

are Hilbert space isometrics and are both the inverse and the adjoint of each other. In fact, 



P \ /„ Jp^ /P 



PJ J \ ' J \ P 
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In order to prove ([T33|) and ([13l it suffices to recall the definitions ([TT6|) , ([TTTD , (|T2^) , ( |123| ) 



to use the last identity and the relation 

QJ^ ^ (j o)(pj) " ^(o j)(pj 

One has also to use the definition of M.w{^) and A/W(^) and the fact that A = WAW. □ 

The importance of the previous proposition is that it says that the above singular integral 
operators with fiip are unitarily equivalent to Toeplitz + Hankel operators. These Toeplitz 
+ Hankel operators fall exactly in the classes which were studied in the previous sections. 
Hence it is possible to reduce the study of the several properties of singular integral operators 
with fiip to the corresponding problems for these Toeplitz + Hankel operators, which has 
already been done. 



In regard to Proposition and Proposition p.2| , the following result is an immediate 
consequence. 

Proposition 5.2 Let A e L°°(T)2JVx2iv. 

(a) zs Fredholm, then A e G(L°°(T)2^^27V). 

(b) //^(v4) zs Fredholm, then A e G{L'^{Tf^''^^). 
Now assume that A eCiJy^''^^. Then 

(c) <I>{A) IS Fredholm if and only if A e G{C{Tf^'^'^^). 

(d) ^{A) IS Fredholm if and only if A e G'(C(T)2^^27V). 
Moreover, if this is true, then ind$(yl) = ind\l/(yl) = —wind detA. 

Another result concerns the case where A G with W given by ( |114]) . As we 

will see shortly, this case is trivial. If A is given by ( |113| ) and A = A, then d = d and c = b. 
In other words, 

= ^(A) = M{a)+M{b)J, (136) 

which is an operator composed of multiplication operators and the fiip operator, but without 
the usual singular integral operator S = P — Q. Compare in this connection the first equality 
in this formula with the identity (|36D . 

For completeness sake, we state the corresponding invertibility and Fredholm criteria for 
operators (|136|) , which follow from Corollary p.3| by means of Proposition It can be 
proved also by different, more straightforward considerations. 
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Corollary 5.3 Let A e (L~)^^2iv^ ^^^^^ 

is given by ( \114\ )- Then the following is 

equivalent: 

(l) A G G(L~)2/><2Ar^ 

(a) <I>(A) = is invertible. 

(Hi) = ^(A) is Fredholm. 

If this is fulfilled, then the inverse of ^{A) = '^(A) is given by ^{A~^) = \I>(yl~^). 

Now we turn to the case in which we are actually interestated in, namely the operators 
and "^{A) with A G g2Afx2Af_ j^^ before we assume that the Banach algebra B possesses 
the properties (a)-(d) stated at the beginning of Section 

Because the Banach algebra B is inverse closed in C{T), Proposition ^■2| (cd) implies 
that, for given A G ^2Afx2Ar^ ^j^^ operator ^{A) {"^{A), resp.) is a Fredholm operator if and 
only if y4 G GB'^^^'^^ . Similar as in Section ^ and, of course, referring to these results, 
we will determine the dimension of the kernel and cokernel of ^{A) and '^{A) in terms of 
the characteristic pairs of an antisymmetric factorization of a certain associated function. 
Formulas for pseudoinverses (which are the inverses in the case of invertibility) will also be 
presented. 
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Theorem 5.4 Let W be given by ^114) , and let A G GB' 

(a) Assume that an antisymmetric factorization of the function F{t) = A(t)W A"^ (t) is 
given by F{t) = A_{t)D{t)Az\t) , where A_ G GB^^^ and D{t) is of the form ^ 
with the characteristic pairs ([5^j. Then 

dimker$(v4) = -^0(f?fc,Xfc), (137) 

dimker$(A)* = ^0(^fc,Xfc). (138) 

Moreover, a pseudoinverse of ^{A) is given by 

^{A~^A_){I ~ln{DW))T{AZ^). (139) 

(b) Assume that an antisymmetric factorization of the function G{t) = A~'^{t)WA{t) is 
given by G{t) = A-\t)D{t)A+{t) , where A+ G GS^^^ and D{t) is of the form ^ 
with the characteristic pairs ([5^j. Then 

dimker*(A) = - e(-^fc, x^), (140) 
dimker^(A)* = ^0(-f?fe,Xfc). (141) 
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Moreover, a pseudoinverse of'^{A) is given by 

T{A-^){I - \n{D-^W))^{A+A-^) (142) 

Proof. The proof is based on Theorem |4.6| and Proposition Because ^{A) and '^{A) 
are unitarily equivalent to J\Aw{,A) and Mw^A), respectively, the formulas for the dimension 
of the kernel and cokernel follow immediately. In order to show that the above expres- 
sion are indeed pseudoinverses, one can apply the C*-algebra isomorphism S introduced in 
Proposition |5.1| to these operators. Using the formulas stated there, one obtains 

S : ^{A-^A^){I-\n{DW))T{A'J) ^ Mw{A-^ A^){I - \H{D))T{A~J), 
E : T{A-'){I-ln{D-^W))<l>{A+A-^) ^ T{A-^){I - \H{D-^))Mw{A+A-^). 

The operators on the right hand side are exactly the expressions ( |107| ) and ( p.lO| ) for the 
pseudoinverses of Jv[y^[A) and Mwi^A). The observation that an operator is a pseudoin- 
verse of an operator X if and only if S(X^) is a pseudoinverse of S(X) completes the proof. 

□ 

The corresponding invertibility criteria reads as follows (compare Corollary ^.7| ). 
Corollary 5.5 Let W he given by 

(a) The operator ^{A) is invertible if and only if the function F{t) = A{t)WA~^{t) admits 
an antisymmetric factorization with characteristic pairs {gk, Xfc) which are all contained 
in the set 

I (-1,-1), (-1,0), (1,0), (1,1) }. (143) 

(b) The operator "^{A) is invertible if and only if the function G{t) = A~^{t)WA{t) admits 
an antisymmetric factorization with characteristic pairs {gk, >ik) which are all contained 
in the set 

{(1,-1), (-1,0), (1,0), (-1,1)}. (144) 

6 General Toeplitz + Hankel operators 

In this section we study Toeplitz + Hankel operators T{a) + H{b) where no "a priori" relation 
between a and b is assumed. 

It has been stated in Proposition p.l| that the Fredholmness of T(a) + H{b) with a,b & 
L°°(T)^^^ implies a e G'(L°°(T)^^^). Moreover, in the case where a, 6 G C(T)^^^ the 
necessary and sufficient criteria for Fredholmness has been stated in Proposition |2.2| . 

We are going to consider the case where a, 6 G B^^^ . It follows as before from the 
inverse closedness of B in C{T) that T{a) + H[b) with a,b ^ qNxn Fredholm if and only 
if a G GB'^^^ . The dimension of the kernel and cokernel in the case of Fredholmness reads 
as follows. 



IIA), and assume A G GB 



27V X 27V 
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Theorem 6.1 Let a G GB^^^ , b G B'^^^ , andW he given by ( \114\ )- Introduce the functions 
A{t) = ( ^[[) ^ G S^^^^^, (145) 



F{t) = A{t)WA-\t) = ( W ^^^^ a^z)-o^z)a^^^mz) ) ^ ^2^x2^, ^^^g) 



b{t)h-^{t) a{t)-b{t)~a-\t)b{t) \ ^ ^27vx2jv 
h~\t) -h-\t)b{t) 

If the characteristic pairs of the antisymmetric factorization of F{t) = A^(t)D(t)AZ^{t) are 
given by then 

dimker(T(a) + /f(6)) = - J] e(f?fc, x^), (147) 

dimkeriT (a) + H{b)y = 5^0(f?fc,Xfc). (148) 

Moreover, if we write 

A-'A^ = I^Hy AZ' = (vi, V2), (149) 
with Ui,U2 G B^^'^^ and Vi,V2 G ^^TVxiv^ then a pseudoinverse ofT{a) + II{b) is given by 

(t(mi) + H{u2)) (P - lH{D)y{vi) (150) 

Proof. The dimension the kernel and cokernel of the Toephtz + Hankel operator T{a)+H{b), 
which is defined on [H"^)^ , coincides with that of the operator 

X = PM{a)P + PM{b)JP + Q, 

which is defined on [L?)^ . Now we write 

PM{a)P + PM{b)JP + Q = {I - PM{a)Q - PM{b)JQ){PM{a) + PM{b)J + Q) 

Because I — Y = PM{a)Q + PM{b)JQ is nilpotent, the first expression on the right hand 
side (i.e., the operator Y) is invertible. Hence we have to determine the dimension of the 
kernel and cokernel of 

PM{a) + PM{b)J + Q, 

which is just the singular integral operator $(^4) with A{t) given as above. Now the result 
follows from Theorem |5^ . 
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As to the pseudoinverse, we first remark that a pseudoinverse of T{a) + H{b) is given by 
PX'^P, where X"^ is a pseudoinverse of the above operator X. Since X = Y^{A), it follows 
that Xt = ($(/l))ty-i. Hence PX^P = P(<l>(A))tp because P = Y'^P as can easily be 
seen. From Theorem |5.4| (a) we conclude that ($(A))^ may be given by 

Using the definition of the operators occurring there, we obtain that this is equal to 



(/, j)m(a-M_) ( ^ (^i-^-(^p,jp)m{d) ( (^p,jp)m{a-J) ( 



p 
PJ 



{ij)m{a-'a^){p -]^pm{d)jp)m{az') ( PJ 



Hence PX^P = P($(A))tp equals 



[P,PJ^M 



l)p{P-\H(D))pMiv.,v,d'l 



which in turn is equal to the operator ( |150D . □ 

We want to emphasize that the matrices Uk and Vk are of size N x 2N and 2N x N , 
respectively, whereas D is of size 2N x 2N . The occurring Toeplitz and Hankel operators 
are block operators of a corresponding size and their definition should be obvious. 

In the above theorem, we reduced the calculation of the dimensions and pseudoinverse 
for T{a) +H{h) to those of the singular integral operator ^{A). For reasons of symmetry, one 
should suspect that it can also be done by reduction to the singular integral operator '^{B). 
We will establish the corresponding statement in the following theorem for completeness 
sake. Of course, the corresponding result should essentially be the same. How the assertions 
of both of theorems are related with each other will be discussed afterwards. 



B{t) = ( ° ) G (151) 



Theorem 6.2 Let a G GB^^^ , h G B'^^'^ , andW be given by ( \114\ )- Introduce the functions 
a{t) 
m In 

Git) = B-'{t)WBit) = ( , ~^~!}ll^^u ^l. ^ , ^ G (152) 

\ a{t) - b{t)a-\t)b{t) -b{t)a-\t) J ^ ' 

If the characteristic pairs of the antisymmetric factorization of G{t) = B^^D{t)B^{t) are 
given by (^%, then 



dimker(T(a) + i/(6)) = - ^ e(-^fc, x,,), (153) 
dimker(T(a)+i/(6))* = 0(-f?fc, x^). (154) 
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Moreover, if we write 

B^' = (^Hy B^B-' = {y,,y,), (155) 

with wi,W2 G B^^"^^ and yi,y2 G B"^^^^ , then a pseudoinverse ofT{a) + H{h) is given by 

T{wi) (P - (T(yi) + Hiy^)) (156) 

Proof. As before, the dimension of the kernel and cokernel of T(a) + H{b) coincides with 
that of the operator X = PM{a)P + PM{h)JP + Q. Now we write 

PM{a)P + PM{b)JP + Q = {M{a)P + M{b)JP + Q){I -QM{a)P -QM{b)JP) 

Because Y' = QM{a)P + QM{b)JP is nilpotent, the last expression on the right hand side 
is an invertible operator. Hence we are led to the dimension of the kernel and cokernel of 

M{a)P + M{b)JP + Q, 

which coincides with the singular integral operator ^(-B) where B{t) is given as above. Now 
the result follows from Theorem |5.4 

Again, a pseudoinverse of T(a) + H{b) is given by PX^P. Since X = \l/(i?)Y', it follows 
that Xt = {Y')-\^{B)). Hence PX^P = P(^(5))tp because P = P(F')"^ as can easily 
be seen. From Theorem |5.4|(b) we conclude that (\1/(P))^ may be given by 



r{B-^){i - \rL{D-^W))^B+B-^) 
We obtain that this is equal to 

p,jp)m{b-^) ( ) {i-\(p,jp)m{d-') (^^q)) [p,jp)m{b^b-': 
= (p,jp^m{b-^)[p -]^pm{d-^)jp^m{b+b-^] ^ 



I 
J 



Hence PX^P = P(^(P))tp equals 



P,0)m ( 2 ) - lH{D-'))PM{y„ 



2/2 J 



P 
JP 



which in turn is equal to the operator ( |156|) . □ 

Now we discuss the question of how the statements of the preceding two theorems are 
related with each other. At first glance, formulas ( |147| ) and ( p.48| ) seem to contradict (|153|) 
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and ( |154| ) but this is just because the same notation has been used for different factors 
D{t) with different characteristic pairs. In these theorems we start with the antisymmetric 
factorizations of certain functions F{t) and G{t): 

F{t) = A4t)D'-^\t)Az\t), G{t) = B^\t)D^^\t)B+{t). 
Assume that the notation of the characteristic pairs is given by = diag(^f^t'^^'^) and 

which it follows that 



L)(2)(t) = diag(^f^t'"^''). The functions F{t) and G{t) are given by ( |T46| ) and ([152D , from 



Note that the constant matrices on the right hand side are the inverses of one another. 
The last identity is the reason that from an antisymmetric factorization of F{t) one can 
immediately obtain an antisymmetric factorization of G{t) and vice versa. More precisely, if 
we are given an antisymmetric factorization of F{t), then an antisymmetric factorization of 
G{t) is given with the factors 

B^{t) = A-_\t) (J -J ) and D^'\t) = -D^'\t). 

This also shows that the construction of an antisymmetric factorization for F{t) and G{t) 
is essentially the same problem. Moreover, if the characteristic pairs are ordered "appropri- 
ately", we may conclude that {gf\ = {—Qk^\ ^i^^) for all k. This implies that formulas 
( |147|) and ( [14^ ) indeed coincide with ([153D and ([15^) . 



It is, however, not clear at this point whether formulas ( |1 5CI| ) and ( |156| ) for the pseudoin- 
verse are the same. Observe that pseudoinverses are in general not unique. Of course, if the 
pseudoinverses are inverses, then they automatically have to be the same. 

7 More general singular integral operators 

In this section we consider a more general class of singular integral operators. The operators 
and "^{A) just represent special cases of this class of operators (see ( |124| ) and ( |125| )). 
These more general singular integral operators are operators of the form 

PM{ai)P + PM{bi)JQ + QM{ci)JP + QM{di)Q + (157) 

PM{a2)JP + PM{h2)Q + QM{d2)P + QM{d2)JQ, (158) 

where ai,bi,Ci,di G L°°(T)^^^, i = 1,2. Introducing the functions A,B e L°°(T)2^><27V ^^^^ 
the constant W e C^^^^tv 
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it is easily seen by help of formulas ( |116|) and ( p.l7| ) that the operator ( |157| ) equals 



T{A) +niBW). (160) 



The following result is an immediate consequence of Proposition |2.1| and Proposition p]2 



in connection with Proposition ^.1| . It is also a generalization of Proposition |5.2| . 



Proposition 7.1 Let A, B E L°°(TfNx2N. 

(a) IfT{A)+n{BW) IS Fredholm, then A G G(L°^(T)2^^27V)_ 
Let A, Be C(T)2^x27v_ 

(b) T{A) + n{BW) IS Fredholm if and only if A e G{C{Tf^'''^^). 
Moreover, if this is true, then ind {T{A) + 1-L{BW)) = —wind det A. 

In fact, the mapping S defined in Proposition ^?T] sends the operator T{A) + T-l{BW) 
into the Toeplitz + Hankel operator T{A) + H{B). In the case where A G G(i3^^^^^) and 
B G g27Vx27v^ these operators are Fredholm, and formulas for the dimension of the kernel 
and cokernel can be obtained by help of the results of the previous section. 

Theorem 7.2 Let A G G{B'^^''^^) and B G ^32^x2^^. Introduce the function F by 

Then F admits an antisymmetric factorization. If the characteristic pairs are denoted by 
{gk, Xk), k = 1 . . . AN , then 

dimker(r(A)+7^(W)) = - e(f?,, x^), (162) 

xfe<0 

dimker(r(A)+H(5iy))* = Y^Q{Qk,Kk). (163) 

It is also possible to establish formulas for the pseudoinverses of T{A) + Tii^BW). We 
leave these details to the reader. 
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